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Abstract
For positive integers f1, f2, m, l, we define a generalization of Apéry numbers
A(f1, f2, m, l, λ) given by










In this article, we deduce congruence relations satisfied by these generalized Apéry
numbers extending results of (Coster in Supercongruences, Ph.D. thesis, Universiteit
Leiden, 1988). We find expressions of A(f1, f2, m, l, λ) in terms of Gaussian
hypergeometric series and evaluate some new supercongruences similar to Beukers’
supercongruences.
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1 Introduction and statement of results
In [3], R. Apéry introduced the numbers an and bn commonly known as Apéry numbers

















in his irrationality proof of ζ (3) and ζ (2), respectively. Since their appearance, mathemati-
cians started lookingmore closely at these numbers and foundmany interesting properties
satisﬁed by them. Chowla et al. [11] were ﬁrst to consider congruence properties for the
Apéry numbers. They proved many interesting congruence relations for the Apéry num-
bers and listed a few conjectures relating them. For example, they proved that for primes
p ≥ 5,
ap ≡ a1 (mod p3).
Gessel [13] generalized this to the stronger result
anp ≡ an (mod p3). (1.1)
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In a recent paper [10], Chan, Cooper, and Sica investigated certain sequences of integers
{fn}∞n=1 that satisfy relations similar to (1.1). The identiﬁcation of an as the coeﬃcients
of certain power series motivates them to obtain Apéry-like sequences {fn}∞n=1 satisfying
congruences similar to (1.1).
One main purpose of this paper is to ﬁnd similar congruences for the numbers
A(f1, f2, m, l, λ) given by the formula









where f1, f2, m, l ∈ N. Note that this family of sequences includes the Apéry numbers. In
his PhD thesis [12], Coster studied the numbers A(f1, f1, l, m, λ) and proved that
A(f1pr , f1pr ,m, l, λ) ≡ A(f1pr−1, f1pr−1, m, l, λ) (mod p3r)
if p ≥ 5 and λ = ±1. Ourmain result extends the result of Coster and proves the following
congruence for the numbers A(f1, f2, m, l,±1).
Theorem 1.1 Let λ = ±1. For primes p > 3 and integers l ≥ 2, r ≥ 1, we have
A(f1pr , f2pr ,m, l, λ) ≡ A(f1pr−1, f2pr−1, m, l, λ) (mod p3r).
Let p be an odd prime, and Fp denote the ﬁnite ﬁeld with p elements. A multiplicative
character χ : F×p → C is a group homomorphism. The set F̂×p of all multiplicative
characters on F×p forms a cyclic group under multiplication of characters. Extend each














where J (A, B) denotes theusual Jacobi sumandB is the inverse ofB. The followingproperty









With this notation, for characters A0, A1, . . . , Ar and B1, B2, . . . , Br of Fp, Greene [14]
deﬁned the Gaussian hypergeometric series r+1Fr
(
A0, A1, . . . , Ar






A0, A1, . . . , Ar
B1, . . . , Br
| x
)













where the sum is over all characters χ of Fp.
For anoddprimep, Beukers [9] andStienstra-Beukers [25] provedmany interesting con-
gruence properties satisﬁed by Apéry numbers, and they respectively made the following
two conjectures concerning theApéry numbers and the coeﬃcients of twomodular forms:
ap−1
2
≡ α(p) (mod p2), (1.3)
bp−1
2
≡ β(p) (mod p2), (1.4)














For p  ap−1
2
, Ishikawa [17] gave a proof (1.3). In [1], Ahlgren and Ono proved (1.3)
by relating the Gaussian hypergeometric series 4F3(1) to α(p) via the modularity of a
certain Calabi-Yau threefold. Moreover, they deﬁned the generalized Apéry numbers
A(n, n, l, k, 1) and found certain Beukers-like congruences for these generalized Apéry
numbers exploring connections between Gaussian hypergeometric series, elliptic curves
and the Dedekind eta function. Following the technique of [1], Ahlgren [2] studied 3F2(λ)
Gaussian hypergeometric series using tools from p-adic analysis and deduced (1.4), which
was already proved by vanHamme [26] for p ≡ 1 (mod 4) and by Ishikawa [16] in general.
Further, he evaluated some new supercongruences similar to (1.4) by inserting Beukers’
supercongruences into a larger framework.
One of our main aims in this paper is to investigate similar phenomena for the gen-
eralized Apéry numbers A(m, n, l, k, λ) and Gaussian hypergeometric series r+1Fr(λ). In





2 , m, l, 1
)
in terms of Gaussian hypergeo-
metric series with quadratic and trivial characters as parameters. Following this, Ono [22]





2 , m, l, λ
)
. In the following theorem,





s , m, l, λ
)
in
terms of Gaussian hypergeometric series.
Theorem 1.2 Let p be an odd prime such that p ≡ 1 (mod lcm(r, s)). If w = m + l and









ψa, ψa, . . . , ψa, ξb, ξb, . . . , ξb




where the character ψa of order r appears m times and the character ξb of order s appears
l times.
As a consequence of the above theorem, we evaluate the following congruences for the
generalized Apéry numbers.
Theorem 1.3 Let p ≡ 1 (mod 4) be a prime and d = p−14 , then
(i) A
(








0 (mod p), if p ≡ 2(mod 3);
−2a3χ4(−36) (mod p), if p ≡ 1(mod 3),
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(ii) A(d, d, 1, 1,−4) ≡ χ4(4)A
(




0 (mod p), if p ≡ 2(mod 3);
−2a3χ4(12) (mod p), if p ≡ 1(mod 3),
where p = a23 + 3b23 and a3 ≡ −1 (mod 3), when p ≡ 1 (mod 3).




r (p − 1), p−1r , m,m(r − 1), λ
)
. For odd prime p, we deﬁne

















where H0 := 0 and Hn := 1 + 12 + . . . + 1n for n ∈ N. In the following theorem, we
express Gaussian hypergeometric series in terms of the quantities A (f1, f2, m, l, λ) and
B (f1, f2, m, l, λ).







r , . . . , T
p−1
r




( r − 1
r (p − 1),
p − 1




( r − 1
r (p − 1),
p − 1
r ,m,m(r − 1), λ
)
(mod p2).
Remark 1.5 In [1], Ahlgren and Ono obtained a particular case of Theorem 1.4 with






2 , 2, 2, 1
)
≡ 0 (mod p).
Remark 1.6 For r = 2 andm ∈ N, Osburn and Schneider [23] found a modulo p3 version
of Theorem 1.4 extending results of [1,2]. In particular, they deduced a supercongru-




, which generalized a supercongruence conjecture of
Rodriguez-Villegas proved by Mortenson [21].
For λ ∈ Q\{0, 1}, consider the family of elliptic curves
2E1(λ) : y2 = x(x − 1)(x − λ)
and denote by 2a1(p, λ) the trace of the Frobenius endomorphism of 2E1(λ) over Fp. Then
the associated Hasse-Weil L-function of 2F1(λ) is given by L(2E1(λ), s) = ∑∞n=1 2a1(n,λ)ns .
Koike [20] proved that if p is an odd prime for which ordp(λ(λ − 1)) = 0, then







This, together with Theorem 1.4 yields
Corollary 1.7 If p is an odd prime and λ ∈ Q\{0, 1} such that ordp(λ(λ − 1)) = 0, then




2 , 1, 1,−λ
p
)





2 , 1, 1,−λ
)
(mod p2).
A particular case of [5, Theorem. 3.2] states that if p ≡ 1 (mod 4), then the trace of
Frobenius map on the elliptic curve E(λ) : y2 = x3 + λx2 + x over Fp is given by













| 42 − λ
)








As a result, we deduce




| 42 − λ
)
.
Therefore, we have the following immediate consequence of Theorem 1.4.
Corollary 1.8 Let p be an odd prime and λ ∈ Q× such that ordp(λ2 − 4) = 0, then

















The organization of this paper is as follows. In Section 2, we prove Theorem 1.1 using
the techniques of [13] and [24]. We prove Theorem 1.2 in Section 3, and deduce the con-
gruence relations forA( p−1r ,
p−1
s , m, l, λ) stated inTheorem1.3. In Section 4, we recall nec-
essary properties of Jacobi sums and p-adic Gamma function required to prove Theorem
1.4 in Section 5. Finally, in the last section we give examples of certain supercongruences
similar to Beukers’ supercongruences as given in [2, Section 5].
2 Proof of Theorem 1.1
We recall the following result from [24].
Lemma 2.1 [24, Lemma 2.2] Let p be a prime and n an integer such that n ≡ 0 (mod
p − 1). Then, for all integers r ≥ 0,
pr−1∑
k=1;pk
kn ≡ 0 (mod pr).




kn ≡ 0 (mod p
r).
In addition, we prove the following lemma.
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Lemma 2.2 Let p ≥ 5 be a prime and n be an even integer such that n ≡ 0 (mod p − 1).




kn ≡ 0 (mod p
r).

























Since n is even, we complete the proof of the lemma. 	unionsq


























Proof The proof of the lemma follows immediately from [24, Lemma 2.5]. 	unionsq
Proof of Theorem 1.1 Let λ = ±1. Splitting into two sums, we obtain


























:= S1 + S2. (2.1)





















































λk (mod pr+2s). (2.2)
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λk ≡ 0 (mod p2(r−s)). (2.3)









λj ≡ A(f1pr−1, f2pr−1, m, l, λ) (mod p3r). (2.4)











S1 ≡ 0 (mod p3r)
for l ≥ 3, and hence the proof follows from (2.1) because of (2.4) when l ≥ 3. Thus we
are left to prove the case when l = 2. We now follow the approach of [24]. For l = 2, we




















λj ≡ 0 (mod p3r),










λj ≡ 0 (mod pr). (2.5)


































λj (mod pr) (2.6)
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λj (mod pr) (2.7)
for s = 0, 1, . . . , r. The case s = 0 is trivial, whereas Lemma 2.3 proves it for s = 1. Let






































































It is clear from Lemma 2.2 that ps divides the inner sum of (2.8) for λ = −1, and Lemma
2.1 implies that ps divides each inner sum of (2.9) for λ = 1. For s < r, we use Lemma 2.3











































































































Induction on s completes the proof of (2.7). Moreover, (2.8), (2.9) and (2.7) together imply
that










λj ≡ 0 (mod pr),
which completes the proof of the theorem. 	unionsq
3 Proof of Theorem 1.2 and 1.3
Proof of Theorem 1.2 Let ω denote the Teichmüller character deﬁned as ω(x) ≡ x (mod
















































χ (λ) (mod p),
































χ ((−1)lλ) (mod p).
Thus the fact 1p−1 ≡ −1 (mod p) completes the proof of the theorem. 	unionsq
























































































, if p ≡ 1(mod 3),
respectively. Together with Theorem 1.2 and [8, Section 3.1], the ﬁrst two expressions
yield (i) and the last two complete the proof of (ii). 	unionsq
In view of [6, Theorem 1.4], we can also deduce the following congruences similar to
Theorem 1.3.
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Corollary 3.1 Let p = a24 + b24 ≡ 1 (mod 4), where a4 ≡ −φ(2) (mod 4). If d = p−14 , then
(i) A
(




d, d, 1, 1,−89
)
≡ φ(3)A(d, d3, 1, 1,−9)
≡ −2a4φ(3)χ4(−1) (mod p)
(ii) A(d, d3, 1, 1, 18) ≡ χ4(−2)A
(
d, d3, 1, 1, 8
) ≡ χ4(−4)A
(
d, d3, 1, 1,−98
)
≡ −2a4χ4(−2) (mod p)
Similarly, [7, Theorem 1.7 and Corollary 3.4] provides the following corollary.
Corollary 3.2 If p ≡ 1 (mod 3) and e = p−13 , then
(i) A(e, e, 1, 1,−98 ) ≡ A
(
e, e, 1, 1, 18
)
≡ A(e, e2, 1, 1,−9)
≡ −2Re [χ3(4)J (φ,χ23 )
]
(mod p)





4 Preliminaries on p-adic gamma function
In this sectionwe recall somenotations andpreliminary results required toproveTheorem
1.4. We begin with properties of p-adic Gamma function p (for details, see [19]). For





Extend p to all x ∈ Zp by setting p(0) = 1 and
p(x) = limn→x (n),
where n runs through any sequence of positive integers which p-adically approaches x.
The following lemma provides some main properties of Gamma function, which are easy
consequences of its deﬁnition.
Lemma 4.1 [1,19] Let p ≥ 5 be a prime. If x, y, z ∈ Zp with |z| ≤ |p|, where | · | is the
p-adic norm. Then
(a) p(x + 1) =
{
−xp(x), if |x| = 1;
−p(x), if |x| < 1.
(b) p(x)p(1 − x) = (−1)Re(x), where Re(x) denotes the representative of x (mod p) in
the set {1, 2, . . . , p}.
(c) if x ≡ y (mod pn), then p(x) ≡ (y) (mod pn); n ∈ N.
(d) n! = (−1)n+1p(n + 1); 0 ≤ n ≤ (p − 1).
(e) ′p(x + z) ≡ ′p(x) (mod p).
(f) p(x + z) ≡ p(x) + z′p(x) (mod p2).
We consider the logarithmic derivative given by G(x) := 
′
p(x)
p(x) . It is easy to see that if
x ∈ Zp, then G(x) ∈ Zp. Moreover if x ∈ Zp and |x| = 1, then the logarithmic derivative
G(x) satisfy the following nice relation
G(x + 1) − G(x) = 1x . (4.1)
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Finally, we recall somebackgroundonGauss sums. Letπ ∈ Cp be aﬁxed root of xp−1+p =
0, and we let ζp be the unique pth root of unity in Cp such that ζp ≡ 1+ π (mod π2). For




χ (x)ζ xp .
The following lemma provide some well-known properties of Gauss sums:
Lemma 4.2 [8] For characters χ ,χ1,χ2 on Fp, we have
(a) g(χ )g(χ ) = χ (−1)p.
(b) J (χ1,χ2) =
{ g(χ1)g(χ2)
g(χ1χ2) , ifχ1χ2 = ε;
−χ1(−1), ifχ1χ2 = ε and χ1 = ε,χ2 = ε.
Let ω denote the Teichmüller character, then ω can be deﬁned uniquely by the property
that ω(x) ≡ x (mod p) for x = 0, . . . , p−1. In this context, the Gross-Koblitz formula [15]
states that




, 0 ≤ j ≤ p − 2. (4.2)
5 Proof of Theorem 1.4
The main aim of this section is to prove Theorem 1.4. Following the approach of [1], we
break the proof into a number of lemmas, and then combine them to prove the result.
Lemma 5.1 Let p > 3 be a prime such that p ≡ 1 (mod r) and ordp(λ) > 0. If T ∈ F̂×q is







r , . . . , T
p−1
r

























− G(1 + j)
}}}
(mod p2).







r , . . . , T
p−1
r
	, . . . , 	
| (−1)lλ
)
















r χ , χ¯
)w
χ (−1)l+wχ (λ).







r , . . . , T
p−1
r
	, . . . , 	
| (−1)lλ
)





r ω¯−j , ω¯j)wω¯j(−1)l+wωj(λ)
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where ω is the Teichmüller character. Using the Gross-Koblitz formula (4.2) and the fact







r , . . . , T
p−1
r

















πw(p−1)p( r+1r − jp−1 )wp( jp−1 )w
p( 1r )w
ω¯j(l+w)(−1)ωj(λ)




(−1)wp( 1r + j1−p )wp( −j1−p )w
p( 1r )w
ω¯j(l+w)(−1)ωj(λ) (mod p2).
It is known that j1−p ≡ j+ jp (mod p2) and ω(λ) = λp (mod p2). Using these together with







r , . . . , T
p−1
r
	, . . . , 	
| (−1)lλ
)




(−1)wp( 1r + j + jp)wp(−j − jp)w
p( 1r )w
ω¯j(l+w)(−1)ωj(λ) (mod p2)




p( 1r + j + jp)w(−1)jl
p( 1r )wp(1 + j + jp)w
λjp (mod p2)





p( 1r + j + jp)w
p(1 + j + jp)w (−1)
jlλjp (mod p2).







r , . . . , T
p−1
r
	, . . . , 	
| (−1)lλ
)





p( 1r + j)w
{




1 + wjpG(1 + j)} (−1)
jlλjp (mod p2).
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Multiplying numerator and denominator by {1 − wjpG(1 + j)}, and then simplifying we
complete the proof of the lemma. 	unionsq
Lemma 5.2 Let p > 3 be a prime for which ordp(λ) > 0, then
A
( (r − 1)(p − 1)
r ,
p − 1









p( 1r + j)mr
p(1 + j)mr (−1)
jm(r−1)λpj (mod p2).
Proof Using Lemma 4.1 (d) and (b), we have
A
( (r − 1)(p − 1)
r ,
p − 1



































p( (r−1)(p−1)r + j + 1)m








p( r−1r p + j + 1r )mp( 1r + j − pr )m(r−1)
p(1 + j)mr (−1)mj(r−1) λ
pj .
Finally, using Lemma 4.1 (f ) and then simplifying we complete the proof of the lemma. 	unionsq







r , · · · , T p−1r








p( 1r + j)mr












G(1r + j) − G(1 + j)
}}
(−1)jm(r−1)λpj (mod p2).
It is easy to deduce that
( r−1









p( 1r + j)mr
p(1 + j)mr (−1)
jm(r−1) (mod p).









− G(1 + j) ≡ Hp−r+1
r +j − Hj (mod p).
Thus Lemma 5.2 together with the fact λp ≡ λ (mod p), we have







r , . . . , T
p−1
r




( r − 1
r (p − 1),
p − 1




( r − 1
r (p − 1),
p − 1
r ,m,m(r − 1), λ
)
(mod p2)
completing the proof of the theorem. 	unionsq
6 More supercongruences
In [2], Ahlgren proved (1.4) and recorded certain new supercongruences. We also ﬁnd
some similar supercongruences. In the following theorem, we denote by D2(λ) the dis-
criminant of the polynomial f (x) = x4 − 4x2 − 4λ; λ = 0,−1.
Theorem 6.1 Let p > 3 be a prime and t ∈ {1,−1}.





























≡ −2a4φ(3 + 2
√
2t) (mod p2).





















0 (mod p2), if p ≡ 11(mod12);
−2a3φ(3 + 2
√
3t) (mod p2), if p = a23 + 3b23 ≡ 1 (mod 12)
and a3 ≡ −1 (mod 3).




















Combining these evaluations with Theorem 1.4, we obtain the supercongruences of The-
orem 6.1. 	unionsq
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